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We discuss the nature of the kaon condensation phase tran- 
sition. We find several remarkable features which, if kaons 
condense in neutron stars, will surely effect superfluidity and 
transport properties. The mixed phase region occupying a 
large fraction of the star is permeated with microscopic drops 
located at lattice sites of one phase immersed in the back- 
ground of the other phase. The electric charge in the drops is 
opposite to that of the background phase and nucleons have 
a mass approximately a factor two different depending on 
whether they are in the drops or the background phase. 
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Kaon condensation as well as pion condensation have 
been the focus of a number of papers over the years 
|p]-|lO|. The possible presence of a kaon condensate 
in neutron stars has received special attention recently 
||ri"|-|l4j| . However two important facets of the problem 
have not been realized — the dynamical nature of the nu- 
cleons, as well as stability with respect to the electric 
charge at the interface between phases. Both facets and 
their structural consequences for the true nature of the 
kaon condensed phase are elucidated here. 

The effect of the nuclear medium on the energy of a 
test kaon has been studied by a number of authors and 
it is believed that the interactions reduce the K~ energy 
as a function of baryon density Jl5|— p~7[| . Kaonic data 
support the conclusion that there is a highly attractive 
kaon optical potential in dense nuclear matter fll] . If the 
kaon energy intersects the electron chemical potential at 
some density, kaons thereafter will be energetically more 
favorable than electrons as the neutralizing agent of pos- 
itive charge 0. The very interaction that reduces the 
kaon energy modifies the nucleons with which they inter- 
act. Therefore, the kaon condensed phase is not merely 
nuclear matter in which kaons arc present it is a fun- 
damentally different phase in every way, including the 
masses of nucleons. 

Moreover, first order kaon condensation requires care- 
ful attention to the manner in which phase equilibrium is 
found so as to ensure a stable configuration. The Maxwell 
construction is inadequate for this purpose in neutron 
star matter, which has two conserved charges — baryon 
number and electric charge (which vanishes globally). 
The Maxwell construction, which has formerly been em- 
ployed in treatments of both first order pion 0-0 , and 



kaon condensation ]11|-|14| , can insure the equality of only 
one chemical potential in the two phases in equilibrium 
p9| , pCj . Therefore, if the equality of the baryon chemical 
potential has been insured there must be a potential dif- 
ference in the electron chemical potential at the interface 
of the two phases. 

Details in the matters discussed in this paper will of 
course depend on the particular nuclear model and the 
kaon interaction with nucleons. But the physics will be 
similar for any physically correct implementation. So as 
to emphasize the impact of kaon condensation we ne- 
glect the possible suppression by hyperons J|,^l] ^3| . For 
the nucleon sector, we choose the standard nuclear field 
theory of nucleons interacting through scalar, vector and 
vector iso- vector mesons (er, uj and p), solved in the mean 
field approximation p3 . The kaon is then coupled to the 
vector meson fields using minimal coupling 



C K = V*K*VK - m* K K*K 



(1) 



where 



= d n + WwkVu + igpKTRRf, ■ (2) 
The kaon and scalar fields are coupled through 

m K - g,j K <T . (3) 



' K 



We choose to couple the vector fields according to the 
simple quark and isospin counting rule 

1 



9uK 



and 



9pK = 9pN 



(4) 



The scalar coupling constant g„K is fixed to the optical 
potential of the K~ at normal nuclear density po : 



Uk(po) = -g<jKv{po) - 9u>kV (pq) 



(5) 



Coupled channel calculations find an optical potential be- 
tween -100 MeV III and -120 MeV @. We choose 
the latter value in the following. The five coupling con- 
stants in the nucleon sector are determined algebraically 
|p4| to reproduce the saturation properties of symmetric 
nuclear matter; E/A = -16.3 MeV, p = 0.153 far 3 , 



*sym 



32.5 MeV, K = 240 MeV, and m*/m = 0.78. 



The equation of motion for the kaon can be written as 



VpV» 



' K 



K = 



(6) 



One gets then a dispersion relation for the K for s-wave 
condensation (k — 0) of the form 



uj k — m K - g a K& - 9uikVq — 5 P A'-Ro,o 



(7) 
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FIG. 1. The equation of state with the three phases in- 
dicated. Pressure increases monotonically for Gibbs equilib- 
rium. The pressure range of the mixed phase exceeds that 
of the normal phase. The Maxwell construction is shown for 
comparison. 

It is possible to satisfy Gibbs conditions for phase equi- 
librium simultaneously with conservation laws for sub- 
stances of more than one conserved charge only by ap- 
plying the conservation law(s) in a global rather than a 
JocaJ sense Jl|,|2(J. Thus for neutron star matter, which 
has two conserved charges, the Gibbs conditions and con- 
servation of electric charge read 

FAr(MB)Me) =PK(Ms,Me) (8) 

<?total = (1 - x)Qn(HB, He) +Xm{P-B,He) = 0. (9) 

where and qn denote the charge densities including 
lcptons in the normal and kaon condensed phase, \xb the 
baryochemical potential and /i e the electrochemical po- 
tential. This pair of equations can be solved for /xg and 
\x e for any proportion of kaon phase x m the interval 
(0,1). Therefore the chemical potentials are functions 
of proportion x and therefore also all other properties of 
the two phases, including, very importantly, the common 
pressure. The total baryon density for the chosen x and 
corresponding chemical potentials is given by 



Ptotal = (1 - x)PN(HB,Ve) + XPk(HB,Pc) 



(10) 



where p denotes baryon density. The equation of state 
is shown in Fig. |l| and compared with that of a Maxwell 
construction and the corresponding sequence of neutron 
stars in Fig. || where the maximum mass can be read 
as 1.56M Q . Since the pressure varies monotonically in a 
star, a mixed phase of the Maxwell type would be totally 
absent because the constant pressure is mapped onto a 
single radial point. Gravity squeezes out a constant pres- 
sure mixed phase. This has been so in all previous treat- 
ments of first order kaon condensation |l2l-|l^| as well as 
pion condensation 
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FIG. 2. Mass-radius relation of neutron stars correspond- 
ing to Fig. 0. 

We can trace the density dependence of energy uk of 
a test kaon in the normal medium as depicted in Fig. |^. 
The kaon energy decreases with increasing density be- 
cause of the attractive vector potential. At some density 
it may intersect the electron chemical potential. At the 
density for which the equality u>k = A*e first holds, kaons 
of modified mass occupy a small volume fraction of the 
total medium with a number density of 

nK = 2{u K + g» K V +g uK Rofl)K*K = 2m* K K*K . (11) 

The energy of these medium modified kaons is less than 
that of a test kaon in the normal phase even when the 
two phases are in equilibrium, as seen in Fig. H. 
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3. Dashed line shows the medium modified energy 
of a test kaon. The energy of the real kaons begins in the 
condensed fraction of the mixed phase (solid line). 

The kaon-nucleon interaction effects not only the kaon 
mass in the medium, but also the nucleon mass. Thcre- 
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fore, in the mixed phase of normal and condensed matter, 
the nucleon mass is different by a factor of more than two, 
as seen in Fig. ||, depending on which region of the mixed 
phase the nucleon is in. 

The imposition of charge conservation as a global con- 
straint, as in ([)]), rather than as a local constraint, is 
not only necessary so that Gibbs equilibrium can be 
achieved — it is also necessary so as to find the lowest 
energy state |jl9|,|o). In general, the lowest energy state 
in the mixed phase of a substance of more than one con- 
served charge is achieved by exchange of conserved quan- 
tities between the phases in equilibrium, the exchange 
being driven by an internal force. In the case of neu- 
tron star matter, the internal force is the isospin driving 
force to which both the Fermi energies and the specific 
nuclear force (coupling of the rho meson to the isospin) 
contribute. The normal phase of neutron star matter is 
highly isospin asymmetric because of the constraint of 
charge neutrality imposed by gravity. The isospin sym- 
metry energy of nuclear matter drives a redistribution of 
charge between the normal and condensed phase as soon 
as some of the latter is formed. In this way the repul- 
sive isospin energy can be reduced and the normal phase 
becomes more symmetric in neutrons and protons as the 
proportion of kaon phase increases. 
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FIG. 4. The effective nucleon mass in the three phases. 
The nucleon masses differ by a factor of two in the regions of 
the mixed phase occupied by normal and kaon phases respec- 
tively, being smaller in the latter. 

For the above reason, the kaon phase is maximally neg- 
atively charged when its volume fraction is small and the 
charge density of this phase approaches zero as it be- 
comes the dominant phase. Such behavior is easy to un- 
derstand: under the constraint of charge neutrality, the 
total energy can be optimized by a configuration that 
places the dominant phase closest to its lowest energy, 
even at the expense of the rarer phase being far from 
its optimum. The volume weighted charge densities sum 



to zero as required for a stellar medium which must be 
neutral on account of the disproportionate strength of 
the long-range forces — Coulomb and gravitational. The 
oppositely charged densities as a function of position in 
the star are shown in Fig. ^ and are seen to vary strongly 
as a function of position in the star as the kaon phase 
becomes more dominant at greater depth. Of course, the 
charge density vanishes identically in the pure homoge- 
neous phases. 
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FIG. 5. Charge density on regions of normal and kaon 
condensed phase in the region of mixed phase in a neutron 
star at the mass limit. The volume weighted sum is zero. 
The fraction of the kaon phase is also shown. 

The mixed phase of normal and kaon condensed mat- 
ter, having opposite electric charge, will form a Coulomb 
lattice of the rarer phase immersed in the dominant. The 
competition between Coulomb and surface interface en- 
ergy will determine the size of the rare phase objects, 
their geometry and their spacing in the background of 
the dominant phase |l9| , |20| , ^5| -p7| . The idealized geo- 
metrical structures that appear in our model star are 
illustrated in Fig. ||, which shows the diameter (D) of ob- 
jects at lattice sites and their spacing (S) as a function 
of position in the star. Sizes and spacings depend on the 
surface tension as c 1 / 3 and is proportional to the differ- 
ence in the energy densities of the phases in contact [^6| . 
For the present choice of parameters the pure kaon phase 
does not appear and the geometrical phases terminate 
with slabs of normal hadronic matter embedded in the 
kaon condensed phase. If the optical potential (||) were 
stronger, the geometries would span the full range from 
kaon-condensed-phase drops immersed in normal matter 
to the inverse, and the pure kaon condensed phase would 
occupy the core of the star. Of course, further investi- 
gations are needed to disclose details of the geometrical 
structures, including, for example a computation of the 
surface tension between phases. 

From the above results the following picture emerges. 
If kaons condense in neutron stars, there will exist a re- 
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gion where normal matter will coexist in phase equilib- 
rium with the condensed phase. The properties of the 
mixed phase are particularly noteworthy. It will occupy 
a wide radial extent of the star because of the wide range 
of pressure that it exists under. It is dotted by electri- 
cally charged blobs of one phase immersed in the other 
phase of opposite charge, all arranged on a Coulomb lat- 
tice. The size of the objects at the lattice sites, their 
geometry and their spacing, will vary with depth in the 
star because of the pressure variation. More than this, 
the eigenmass of nucleons are different by a factor two 
or more in the background phase than in the blobs oc- 
cupying the lattice sites and also vary with depth in the 
star. All of these remarkable properties certainly give 
food for thought as to what the superfluid and transport 
properties might be for such an unusual configuration of 
matter, as well as for the cooling and glitch behavior of 
pulsars. The kaon condensation phase transition might 
be signaled in pulsar timing just as for the deconfincd 
phase transition . 
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FIG. 6. The diameter (D) and spacing (S) of geometrical 
structures at lattice sites in the mixed phase are shown as a 
function of position in the star. Shapes of the rare phase ob- 
ject immersed in the dominant phase background are denoted 
by K drops for kaon condensed phase droplets, and h slabs 
for normal hadronic phase slabs, etc. 
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